Abstract: There has been recent interest in the question of whether four dimensional scale invariant unitary quantum field theories are actually conformally invariant. In this note we present a complete analysis of possible scale anomalies in correlation functions of the trace of the stress-energy tensor in such theories. We find that 2-, 3-and 4-point functions have a non-trivial anomaly while connected higher point functions are non-anomalous. We pay special attention to semi-local contributions to correlators (terms with support on a set containing both coincident and separated points) and show that the anomalies in 3-and 4-point functions can be accounted for by such contributions. We discuss the implications of the our results for the question of scale versus conformal invariance.
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It has been a long standing conjecture that every unitary scale invariant quantum field theory (SFT) in four spacetime dimensions is automatically conformally invariant. While in d = 2 spacetime dimensions scale invariance together with unitarity implies conformal invariance [1, 2] , 1 the problem has remained open in higher dimensions. Evidence that the conjecture may hold in four dimensions was presented in [4] while candidate counterexamples [5] [6] [7] were shown to actually be CFTs in [8, 9] . As in the two-dimensional case, there is a connection between RG-flow and properties of the Wess-Zumino action [10, 11] (see also [12, 13] ), the a-theorem, [14, 15] , and the scale vs conformal invariance problem. The conjecture is known to hold under some additional assumptions, for example for any scale invariant theory which is obtained by weakly coupled renormalisation group (RG) flows [8, 13] . On the other hand, the conjecture does not hold for non-unitary theories as there are counterexamples [16] . A less known counterexample is that of topological quantum field theories [17] . Such theories however do not have local degrees of freedom. There are other counterexamples but all of them are somewhat special: theories without a stress energy tensor [4] , free (d − 2)-forms in d-dimensions, 2 Maxwell theory in d = 4 [20, 21] , 3 free high-spin theories [19] . Discussions of the conjecture in dimensions other than four can be found, for example, in [20, 21] . Early literature on this topic includes [22, 23] and for recent reviews (and a more comprehensive list of references) we refer to [20, 24] . Recently, two papers [25, 26] argued that the conjecture holds in four spacetime dimensions. 4 In [26] the structure of the scale anomaly in the 3-point function of the trace of the stress energy tensor was analysed and argued that such anomaly is not consistent with OPEs. We will revisit this argument here and show that the inconsistency disappears after including possible contributions from semi-local terms. In [25] the authors argued that in SFTs obtained by RG flows an infinite number of matrix element must vanish in a suitable kinematical configuration. The vanishing of these matrix elements is a necessary condition for conformal invariance and the authors argued that it is also a sufficient condition. We attempted to strengthen this argument by combining it with the structure of anomalies. The 4-point function of the trace of stress energy tensor has a non-trivial anomaly which is non-vanishing in the on-shell forward scattering limit. If one were able to show that the 4-point function of the trace of stress energy tensor, including semi-local terms, vanishes in this kinematical limit or that the anomaly cannot be supported by semi-local terms alone then one would conclude that the scale anomaly coefficient must vanish and (as we will argue in detail later) this would imply that the SFT is a CFT. However, the vanishing of the dilaton amplitudes only implies that the 4-point function of the trace of stress energy 1 See however [3] for a counterexample where some of assumptions of [2] do not hold. 2 Such a form can be dualized to a free scalar φ with a shift symmetry φ → φ + const. The improvement term, Rφ 2 , that would make the theory a CFT is not compatible with the shift symmetry and thus these theories are scale but not conformally invariant. 3 In this case there is a Weyl invariant extension [18] but the model is not gauge invariant. 4 Note added: [26] was withdrawn after our paper appeared on the arXiv (for the reasons we explain in this paper, see also [27] ). We will however leave the reference to [26] as this provides the context of some of our discussions.
tensor is semi-local (in the on-shell forward scattering limit) and moreover it turns out that the anomaly can be supported by semi-local terms alone so one cannot conclude (based on these considerations alone) that the SFT is a CFT. This paper is organized as follows. In the next section we discuss in more detail the conclusions one can draw for the scale vs conformal problem from the structure of scale anomalies. The rest of the paper is devoted to the derivation of the structure of scale anomalies. In more detail, after a discussion of the setup in section 3 we proceed in sections 4, 5, 6, 7 to analyse the anomaly in 2-, 3-, 4-and higher point functions. In particular, we calculate the most general form of the scale violation in the following 3-and 4-point functions: T T T , T T O 2 , T T O 4 , T T T T , where O 2 and O 4 denote operators of dimensions two and four respectively. Since T = −∂ µ V µ , where V µ is the virial current (defined in (2.1)), one can compute these correlation functions in two different ways: either directly or by calculating corresponding correlation functions involving the virial current. By comparing the results obtained by the two methods, one can impose strong conditions on the structure of the SFT. We conclude in section 8.
We relegate many results which are of technical nature and alternative derivations to four appendices. In appendix A we discuss subtleties in the relation between the shortdistance/large momentum limit and OPEs in momentum space, in appendix B we present an alternative derivation of the scale anomaly for the 3-and the 4-point function which does not use the Wess-Zumino action and in appendix C we compute the anomaly in 3-and 4-point functions using a different parametrisation for the dilaton. This parametrisation has the feature that the contribution of the Wess-Zumino action vanishes and the entire contribution to the scale anomaly is manifestly due to semi-local terms. In appendix D we discuss a generalisation of our results to the case of the theory containing multiple scalar operators of dimension two and four.
Are unitary scale invariant theories conformal?
The standard approach to the problem of enhancing scale invariance to conformal invariance is based on the analysis of improvement terms. In a scale invariant theory the Noether current associated with scale transformations takes form
where T µν denotes the stress-energy tensor and V µ is called the virial current. The conservation of the scale current implies T = −∂ µ V µ . It can be shown [2] that if the virial current is a total derivative, i.e., if
for some tensor L µα , then the stress-energy tensor may be redefined to be traceless, hence implying that the theory is conformally invariant.
(Non-anomalous) scale invariance implies that the 2-point function of the trace of the stress-energy tensor is determined up to a constant and is given by
3)
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where e T T is a constant (the factor of 2 is for later convenience). This correlator however is local and may be removed by a local counterterm (see below). A non-trivial example of a SFT exhibiting this behavior is given by topologically twisted N = 2 SYM in four dimensions [17] . After the topological twist the stress-energy tensor is BRST-trivial explaining the triviality of (2.3) (actually all correlation functions of the stress-energy tensor are trivial). Topological QFTs are special as they do not have local degrees of freedom. In the remaining of this paper we will focus on theories with local degrees of freedom.
In order to obtain a SFT with local excitations and non-zero T (if such a theory exists) the scale transformations must be anomalous. The form of the 2-point function is uniquely fixed by (the now anomalous) scale invariance and it may be obtained by dimensionally regularising (2.3), d = 4 − ǫ, and taking e T T to be singular in ǫ, e T T → e T T /ǫ. Expanding in ǫ, the regulated expression reads
The 2-point function now requires renormalisation and the divergence may be removed by the counterterm
The value of the divergent term is directly related to the normalisation constant of the 2-point function while the value of the finite piece may be adjusted as will. This leads to the renormalised correlation function 6) where e loc T T (µ) is a scheme dependent constant. The scale (or dilatation) symmetry may be gauged and the resulting theory becomes classically Weyl invariant. The counterterm (2.5) is not Weyl invariant and requires the addition of appropriate terms. The Weyl invariant form of the counterterm is
where C µ denotes the source for the virial current V µ and under Weyl transformations one has δ σ C µ = ∂ µ σ. At the quantum level the Weyl symmetry is anomalous. The anomaly can be represented in terms of the Wess-Zumino action, i.e., one can divide the generating functional of connected graphs W into a Weyl invariant part W W I and an anomalous part
where the dots indicate sources for operators other than T µν and V µ . The most general parity-even form of the Wess-Zumino action involving the metric and the gauge field C µ
reads [8, 26] ,
where σ is the dilaton, E 4 denotes the Euler density, W 2 is the square of the Weyl tensor and
10)
The coefficients a and c are the standard conformal anomaly coefficients of a CFT. The coefficient f is also a standard CFT anomaly coefficient due to conserved currents. What is new in SFTs that are not CFTs is the e anomaly. We now want to relate the coefficients in the Wess-Zumino action with coefficients in correlation functions. On one hand, the Wess-Zumino action may be related to the anomaly in the Weyl Ward identity. With sources for operators other than the stress-energy tensor and the virial current turned off, the identity reads 12) where δ σ S WZ denotes the terms in S WZ that are linear in σ. On the other hand, one finds
The first term captures the classical scaling of the 2-point function (in a flat background
while the second term represents the scale violation of the 2-point function. By evaluating this expression in momentum space one finds that the e-anomaly is equal to the normalisation constant (2.6) of the 2-point function T T in the SFT, e = e T T . While in conformal theories e = 0, in SFTs e may be a priori non-vanishing. The converse also holds: if e = e T T = 0, then in unitary theories T = 0 and the scale invariant theory becomes fully conformal. Thus, a sufficient and necessary condition for a SFT to a CFT is that e T T = 0. 5 In this paper we analyse properties of the SFTs in momentum space. For correlation functions of scalar operators O 1 , . . . , O n of dimensions ∆ 1 , . . . , ∆ n scale invariance implies
14)
5 If the SFT has a dimension two operator O2 then the condition is, eT T = e 2 2T /e22, where e2T and e22 are normalisation in the 2-point functions of T and O2, see (4.4) and (4.2) . When this condition holds one may improve T such that the new T vanishes, see the discussion in section 4.1.
as we will discuss in the following section. When expanded, the leading term in σ consists of two parts: a classical part and an anomalous part, as in (2.13). Since we are interested in the anomalous term A n (σ), we may remove the classical piece by defining infinitesimal scale transformation 15) which picks up the leading term in σ from the anomaly A n (σ). If no anomalies are present,
Using the relation between the Wess-Zumino action and (2.13) it was argued in [26] that e T T = 0 in any SFT, due to the consistency between the Wess-Zumino action and the OPE of the stress-energy tensor. As we will show in section 5.1, the scale violation of the 3-point function of the trace of the stress-energy tensor is uniquely determined and readŝ 
In [26] the following OPE argument was used to argue that such a scale violation in the 3-point function is not possible in any SFT. The argument is based on the observation that in position space the OPE implies that for
(2.19) where O and K µ are the scalar and vector operators of the lowest dimension contributing to the OPE. Then the Fourier transform of this expression is compared to the large momentum limit p 1 ∼ = p 2 ≫ p 3 of (2.16). It is argued that the momentum dependence obtained via the OPE is such that the scale violation of T T T cannot match (2.16) and thus e T T must be equal to zero. Hence the theory is conformal.
The critical flaw in this argument is the assumption that the large momentum limit q = p 1 ∼ = p 2 ≫ p 3 = p follows directly from the Fourier transform of the leading x 1 → x 2 behaviour in (2.19) . In appendix A we argue that the correct large momentum expansion reads
up to proportionality factors. In special cases such as 2∆ 3 = d, logarithms can appear as well. We will not list all possibilities since we are interested in explaining why the two forms appear in the generic case. The behaviour presented in the first line of (2.20) will be called a naive OPE behaviour, since it follows directly from the Fourier transform of the appropriate OPE term. Indeed, if the OPE reads
then it would be natural to expect that the leading large-momentum behaviour follows from the Fourier transform of the leading x 1 → x 2 behaviour of the 3-point function
The Fourier transform of this expression leads to the first line of (2.20), since
This reasoning however is incorrect in general. While there is an interplay between the large momentum limit p 1 , p 2 ≫ p 3 and the coincident limit x 1 → x 2 , it is not as straightforward as suggested by the naive OPE argument. Nevertheless, observe that the term q ∆ 1 +∆ 2 +∆ 3 −2d in the second line of (2.20) is semi-local, i.e., up to a constant it is a Fourier transform of the expression
and hence it is a Fourier transform of the distribution supported on the set of coincident points. As was pointed out in [28] (and we discuss in detail in appendix A.3), the first line of (2.20) represents the first non-local term in all cases, i.e., the term that in position space is not supported on a set of coincident points.
Returning to the anomaly, notice that all terms in (2.16) can originate from Fourier transforms of semi-local expressions, for example
Including such semi-local terms one finds that the Weyl variation of T T T can indeed match the anomaly obtained from the WZ action and one cannot conclude that e T T = 0. A different approach to the problem of enhancing scale invariance to conformal invariance was undertaken in [25] . The authors analysed dilaton amplitudes defined as 26) JHEP08 (2014)027 where ϕ is the scale mode of the metric, g µν = (1+ϕ) 2 δ µν . The dilaton ϕ is a source for the trace of the stress-energy tensor in the sense that it couples to T , S int = − ϕT + O(ϕ 2 ). Then they argued that the imaginary part of these amplitudes must vanish in an on-shell p 2 j → 0 and forward kinematics limit. Using the optical theorem they then concluded that the entire amplitudes A n must vanish in this kinematical limit (assuming this limit exists, see [8] and [13] for a discussion of this point for A 4 ) 6 . This then suggests that the interaction terms between the dilatons can be removed by a field redefinition and this would be possible if there exists a local operator O 2 such that T µ µ = O 2 , concluding that the SFT is a CFT.
While this argument is very suggestive it would be preferable to have a more clear-cut proof. As mentioned earlier, a necessary and sufficient condition for a SFT to be a CFT is that the anomaly coefficient e T T vanishes, so one may wonder whether the vanishing of the dilaton amplitudes can be used to show that e T T = 0. The imaginary part of A n in the SFT should come from logarithmic terms. Thus if there is a non-trivial scale anomaly which is proportional to e T T one may hope that the vanishing of the imaginary part of A n would imply e T T = 0.
We show in section 7 that there is no anomaly for connected 5-and higher point functions of T . Furthermore, 3-point functions are trivial on-shell. Thus, we are left to discuss 4-point functions. It turns out the anomaly for 4-point function is non-trivial and is given bŷ
The constant e 22 is the normalisation of the 2-point function of an operator O 2 of dimension two and c 2 is a constant appearing in coupling of O 2 with the dilaton and C µ , see (4.2) and (6.1). In particular, e 22 ≥ 0 in any reflection positive theory and hence for the scale violation in the 4-point function to vanish, one necessarily needs e T T = 0. Here again we used the fact that the off-diagonal 2-point functions in (2.18) may be set to zero by adding improvement terms. Note that this anomaly is non-vanishing in the on-shell forward kinematics limit. We now explain that despite the fact that the dilaton amplitude A 4 vanishes, one cannot conclude that e T T = 0. Recall that the trace of the stress-energy tensor is the operator defined as
and hence it is a functional of the metric and other sources as well. In particular,
+ semi-local terms, (2.29) and the semi-local terms cannot be disregarded as explained in section 6.2. It follows that the vanishing of the dilaton amplitude in this kinematical limit only implies that the correlators are purely semi-local (in this kinematical configuration). Moreover, the anomaly (2.27) can be completely accounted by semi-local terms, as it is clear from the computation in appendix C where all contributions come from semi-local terms. While our analysis does not invalidate the reasoning of [25] , we did not manage to provide additional support for it. Of course, if one accepts that T = O 2 then it suffices to look at the anomaly of the 3-point function to conclude e T T = 0. This is so because for the anomalies to match the 3-point function of O 2 would need to have a non-local scale anomaly.
3 Set-up
Notation and kinematics
In the paper we work in Euclidean signature. We use bold letters to denote vectors, e.g., x, p and we define x = |x|, p = |p| and so on. Due to the momentum conservation, any correlation function in momentum space carries a delta function. We use the double bracket notation − to denote the omission of this delta function, i.e.,
Despite the fact that the n-point function has n momenta listed as its arguments, only n − 1 momenta is independent, since n j=1 p j = 0. Due to Lorentz invariance, every 3-point function can be regarded as a function of magnitudes of the three momenta p j = |p j |, j = 1, 2, 3. We will often encounter the following combination of momenta,
where Gram is the Gram determinant. For physical momentum configurations obeying the triangle inequalities we have J 2 ≥ 0, with J 2 = 0 holding if and only if the three momenta are collinear.
In the case of 4-point functions in d ≥ 4 spacetime dimensions, the correlators depend on six scalars, which may be taken to be the scalar products p ij = p i ·p j , i, j = 1, 2, 3, 4, and i = j. While such a parametrisation is the most symmetric one, one can consider other variables, for example four squares of momenta, p 2 j , j = 1, 2, 3, 4 and two Mandelstam variables, say s = (p 1 + p 2 ) 2 and t = (p 1 + p 3 ) 2 . Such variables turn out to be useful, since the calculations simplify significantly in the forward scattering limit
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Generating functional
In this paper we consider a reflection positive SFT. The set of operators that can mix with the trace of the stress-energy tensor are the virial current V µ and scalar operators O 2 and O 4 of dimensions two and four, respectively. By the unitarity bounds in SFT [26, 29] , the dimensions ∆ s of operators of spin s are bounded from below by
Furthermore, a scalar operator Φ of dimension one is necessarily a fundamental scalar field, since its 2-point function satisfies x Φ(x)Φ(y) = 0. Since we can always decouple a free theory (and moreover a free theory can be improved to be conformal) we assume that ∆ 0 > 1 for all scalar operators. In general the dilatation operator may not be diagonalizable due to renormalization effects. The SFT may be coupled to sources: the metric g µν , the source C µ for the virial current, and scalar sources φ 2 and φ 0 for the operators O 2 and O 4 , respectively, and this has the effect of gauging the scaling symmetry. In particular, under Weyl transformations
The subscript on the scalar sources denotes their scaling dimensions. The source C µ couples to the dynamical objects via covariant derivatives,
where ∆ O is a scaling dimension of the operator O. The transformation property of the gauge field C µ implies that D µ is a covariant derivative for scale transformations and thus, for example, D µ O transforms as a field with weight ∆ O under Weyl transformations. In this paper we assume that the dilatation operator is diagonalizable and the Weyl transformation rules are given by (3.5). As discussed in [2] in general dilatations may not be diagonalizable and the most general local transformations that are consistent with the Wess-Zumino consistency condition may contain additional terms [11, 13] . It would be interesting to extend our analysis to the general case.
In [8, 26] the most general form of scaling anomalies in the stress-energy tensor and the virial currents in a SFT was obtained. If W denotes the generating functional of connected correlators for the SFT with gauged scaling symmetry, then its Weyl transformation δ σ W can be expressed as a variation of the local Wess-Zumino action δ σ S WZ . In this paper we need to include operators of dimension two and four and such operators contribute to scaling anomalies [11, 30] .
We are interesting in computing the anomaly of the following correlation functions:
• 2-point functions of the trace of the stress-energy tensor T , the longitudinal part of the virial current V µ and scalar operators of dimensions two and four.
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• 3-point functions of T and the longitudinal part of V µ with up to a single insertion of the scalar operators.
• 4-point functions of T and the longitudinal part of V µ only.
An analysis of 2-point functions analogous to the one in section 2 implies that there are scale anomalies in all possible 2-point functions. This implies that we should include all possible dimension 4 terms that are quadratic in the sources with arbitrary coefficients. The values of these coefficients are related to the normalisation constants of 2-point functions, as we will discuss in section 4. Turning to cubic coupling now, we note that we are only interested in 3-point functions with a single insertion of a scalar operator, thus the relevant cubic couplings should be at most linear in φ 0 or φ 2 . By dimensional analysis the relevant terms in the Wess-Zumino action read
Since we are interested in the correlation functions of the trace of the stress-energy tensor rather than the entire stress-energy tensor, the square of the Weyl tensor may be omitted. Furthermore, since the Euler density is a topological term, it does not contribute to the 2-point function of T . By introducing the gauge field C µ , one can gauge the Weyl transformations and extend the action (3.7) to be fully Weyl-invariant. To this end let us define,
and note that these objects transform homogeneously under Weyl transformations,
It follows that one can produce gauge invariant quantities by replacing un-hatted by hatted quantities in (3.7). In particular, the gauged Euler density readŝ
where W 2 is the usual square of the Weyl tensor, which transforms homogeneously under Weyl transformations without any gauging. The gauged Weyl-invariant Wess-Zumino action relevant for our analysis is then equal to 
Due to the homogeneity of each separate term this action satisfies the Wess-Zumino consistency condition trivially (for example δ σ ( √ gR 2 ) = 0 by construction.) We note however that there may exist a more general solution of the Wess-Zumino consistency condition which involves adding additional terms in the transformation rules (3.5) and the action (3.13) . One may analyze this question by expanding the general solution of the Wess-Zumino consistency condition in [11, 13] around a fixed point that is a SFT and collecting all terms that are cubic in the sources. We leave such analysis for future work.
In the following sections we will consider higher-point correlation functions as well. When (3.13) is restricted to the metric and the gauge field C µ only, one recovers (2.9), and hence it contains all terms relevant for computation of scale anomalies in the correlation functions that involve T and V µ only.
Correlation functions
In this paper we are mostly interested in correlation functions of the trace of the stressenergy tensor, the virial current and scalar operators of dimensions two and four. These operators, after coupling to background fields, are defined by
Their 1-point functions with sources turned on are then defined as
where the subscript s denotes the fact that the operators and their correlation functions are considered with sources turned on. If the subscript is absent, then the correlation function and the operator is considered in the theory with the sources turned off. For example T µν = 0 since the expectation values of 1-point functions vanish in a SFT, while in general T µν s = 0 due to the sources. The theory with sources turned on is Weyl invariant, up to anomalies, when one transforms both the elementary fields and the sources. Let Φ be the elementary fields (we suppress spacetime and internal indices) transforming under Weyl transformations as
Then (anomalous) Weyl invariance implies
where L is the Lagrangian (including the couplings to sources). This identity should hold for any σ and we deduce the scale Ward identity,
where A is the scale anomaly. The field equation terms are due to the fact that the elementary fields transform nontrivially under scale transformations. One may remove these terms by defining rescaled elementary fields [31] , Ψ = Φ(det g)
which are Weyl invariant, δ σ Ψ = 0. The stress energy tensor will now receive additional contributions from the variation of the factors of (det g) ∆/2d and the Ward identity will not contain any field equations terms which now reads
The stress energy tensor used in this paper is the one obtained after this redefinition of the elementary fields. Now, let us take a second Weyl variation of S WZ and then set the sources to zero. Using the fact that the Wess-Zumino action satisfies the Wess-Zumino condition and that 1-point functions vanish in a SFT we obtain,
Since this relation should hold for any σ 1 and σ 2 it follows that
and therefore in a unitary SFT, 25) as an operator equation. This implies that we can compute correlation function of T either by turning on a source for T or by turning on a source for V µ , compute the V µ correlators and then act by ∂ µ . This provides consistency conditions that fix some of the semi-local terms that appear in the correlators. The correlation functions of the trace of the stress-energy tensor may be computed by fixing the background fields to
Indeed, one has
We will also introduce a different parametrisations of the metric given by Ω = e −τ and Ω = 1 + ϕ. The correlation functions of the virial current can be computed by fixing the metric g µν = δ µν . In terms of the variable τ the Ricci tensor in arbitrary dimension d reads
which allows to express the generating functional in terms of τ .
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Since T µν is a functional of the metric and other sources, the functional derivatives such as δTµν δg ρσ do not vanish in general. The derivative may remain non-zero with sources turned off, allowing us to define under expectation values δT δg ρσ . . . 29) where '. . .' denote arbitrary operators and similarly for other operators. In order to keep track of all terms with functional derivatives, we may package them into an interaction action. In four dimensions, up to second order in the dilaton τ and the gauge field C µ and to linear order in φ 2 and φ 0 the most general form of the action for any four dimensional reflection positive SFT reads [26] ,
For clarity we consider here the case the SFT contains one operator of dimension two and one operator of dimension four. A generalisation to the case of multiple scalar operators is presented in appendix D. Other fields are excluded either by the unitarity bounds (3.4), or can be connected to the terms present by integration by parts. This form of the interaction action is valid in four spacetime dimensions and for reflection-positive theory only. In particular one finds 33) and the derivatives are with respect to x 1 .
Scale violations
Classically, every field in a SFT transforms under dilatations x → e σ x in a specific way determined by its scale dimension. For a scalar field O of dimension ∆ the transformation property reads
for any constant σ. In the quantum theory, however, scale invariance may be violated by logarithmic terms emerging from the renormalisation procedure. The failure of a given
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n-point function to be scale invariant is encoded in the anomaly term A n . For correlation functions of scalar operators O 1 , . . . , O n of dimensions ∆ 1 , . . . , ∆ n this implies
or infinitesimally, to leading order in σ,
This variation represents the anomalous contribution. It is equal to the scaling transformation δ σ up to the classical contribution,
This follows from the definition (3.15), the Fourier transform, and the simple fact
where ∆ denotes the dimension of the operator sourced by φ d−∆ . In particular, sincê δ σ acts on momenta or coordinates rather than sources, the variationδ σ commutes with functional derivatives with respect to the sources,
This implies that the scale violation in the n-point function may be calculated by turning the sources off before the variationδ σ is calculated. The discussion above leads to the conclusion thatδ σ O 1 (p 1 ) . . . O n (p n ) = 0 if anomalies are absent; otherwise logarithmic terms in the n-point function appear. In this paper we are mostly interested in correlation functions of the trace of the stress-energy tensor. It follows from the Wess-Zumino action that the only scale violating terms that can appear have a single logarithm of a general form
where F is a homogeneous polynomial of degree n j=1 ∆ j − (n − 1)d, where ∆ j are the scaling dimensions of the operators entering the correlator, P is a homogeneous polynomial of degree two and µ is a renormalisation scale. Hence from (3.36) we find
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In this section we analyse the structure of 2-point functions in a SFT. We are mostly interested in correlation functions of the stress-energy tensor T µν , the virial current V µ , and scalar operators O 2 and O 4 of scaling dimension two and four. The form of the 2-point functions is uniquely determined by (the anomalous) scale invariance. The diagonal part of the matrix of the 2-point functions is while the off-diagonal part reads
The normalisation constants defined here correspond to the constants featuring in the Wess-Zumino action (3.13). Indeed, by taking two derivatives of the generating functional with respect to the dilaton τ , (3.26), one finds,
Note that such a simple expression holds only after the sources are turned off. The local, scheme dependent part of each correlation function can be adjusted by means of finite local counterterms. In a reflection positive QFT the matrix of the normalisation constants must be non-negative. Furthermore, if one of the eigenvalues vanishes, then the corresponding operator is null. In particular if e T T = 0 (after we set to zero the off-diagonal terms as discussed in the next subsection), then T = 0 and the scale invariant theory is fully conformally invariant.
Furthermore, scale invariance requires that the source C µ for the virial current appears in a correlated way with the metric. Therefore, the normalisation constants of the 2-point functions of the virial current with other operators are related with the corresponding correlation functions of T . In particular,
The transverse part of the 2-point function of the virial current is proportional to π µν = δ µν −p µ p ν /p 2 and is not relevant for our discussion (which involve checking the implications of the relation T = −∂ µ V µ ) because p µ π µν = 0. Furthermore in this paper we are interested in calculating scale violations in the correlation functions so from now on we will neglect the local parts.
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Improvement term
Consider a SFT with e T T > 0 and at least one scalar operator O 2 of dimension two with e 22 > 0 in the interaction action (3.30). The case of multiple scalar operators of dimensions two and four is discussed in appendix D. The improvement term
can be added to the action in such a way that the improved stress-energy tensor becomes traceless. The improvement term does not alter the charges associated with the stressenergy tensor and modifies the correlation functions only locally. The trace of the improved stress-energy tensor reads
Clearly, if T = c∂ 2 O 2 for some constant c, then for ξ = −c the trace of the improved stress-energy tensor vanishes. Otherwise, the 2-point function of the improved stress-energy tensor reads
By using (4.1)-(4.6) we find that the 2-point function of the trace of the improved stressenergy tensor vanishes if ξ satisfies the equation Now we will show that such a condition can hold in a reflection positive theory if and only if T is proportional to ∂ 2 O 2 . To do it, consider the state |Ψ defined as
where α and β are arbitrary complex numbers. Reflection positivity implies that the norm Ψ|Ψ must be non-negative. Poincaré invariance, together with the fact that complex conjugation in an Euclidean setting corresponds to time reversal leads to the conclusion that
2T − e T T e 22 ≤ 0, (4.18) in any reflection positive QFT. Therefore (4.16) and (4.18) are compatible (and then the improvement term exists) if and only if e 2 2T − e T T e 22 = 0. In this case (4.17) implies that states T (x)|0 and ∂ 2 O 2 (x)|0 are linearly dependent, and so T = c∂ 2 O 2 for some c, and the theory is conformal. We therefore assume from now on that 
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Diagonalising the 2-point functions
We just argued that when (4.19) holds one cannot improve T . However, one can use the improvement terms in order to fix the off-diagonal 2-point functions (4.4)-(4.6) to zero. This is motivated by conformal field theories, where such correlation functions vanish. To do it, consider a general form of the improvement term
The first term contains the previously considered improvement term (4.12), now written in a Weyl invariant way. The existence of the improvement terms follows from the fact that the dimension of the source for the operator O 2 is the same as for the operator itself. Therefore, one can introduce the improvement terms simply by exchanging one φ 2 in favour of O 2 in the Wess-Zumino action (3.13). The improvement term modifies the operators in the theory as follows,
The off-diagonal 2-point functions of the improved operators vanish if the following system has a solution The solution exists if e T T e 22 = e 2 2T and reads As argued in the previous section the denominators of these expressions are non-vanishing in any reflection positive QFT containing an operator of dimension two. Therefore we have shown that in such a case one can always add an improvement and from now on assume that e 2T = e 24 = e 4T = 0. If the operator of dimension two is absent in the theory, then already e 22 = e 24 = e 2T = 0. In this case the theory can be improved to e 4T = 0 by a simple shift given by ξ ′′ . Therefore, from now on, we assume that (4.30) holds. Furthermore, if multiple scalar operators of dimension two and four are present in the theory, one can generalise the procedure and show that all off-diagonal correlation functions JHEP08 (2014)027 vanish. We discuss the general case in appendix D. For clarity, in the main text of the paper we assume that the theory contains at most one operator of dimension two and four (other than the trace of the stress-energy tensor).
3-point functions
In this section we will analyse the structure of scale violating terms in the 3-point functions T T T , T T O 2 and T T O 4 . We will compare the scale violations following from the WessZumino action (3.13) with possible scale violation in the analogous correlation functions involving the virial current. Then the two expressions can be compared by means of the relation T = −∂ µ V µ .
T T T
The correlation functions of the stress-energy tensor are defined as correlation functions of the operator defined in (3.14). In particular, the relation between the actual 3-point function of the trace of the stress-energy tensor and the triple functional derivative of the generating functional with respect to the metric involves semi-local terms, i.e., terms that in position space are supported on the set of coincident points. In all expressions we can omit contributions from 1-point functions, since after turning off the sources they vanish. However, we will carefully account for all 2-point functions including terms with functional derivatives. Using the parametrisation of the metric as g µν = e −2τ δ µν one finds,
Carrying out the derivatives on the left hand side, using (3.31) and then turning off the sources we find
where the interaction action S int is given in (3.30). Due to the improvement terms introduced in section 4.2, the only contribution to the 2-point functions comes from the 1 2 τ 2 c T T term in the interaction action. Therefore,
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The scale violation in the 3-point function can be computed from the Wess-Zumino action and the expressions for 2-point functions. The result iŝ
where J 2 is defined in (3.2). Next we can compare the scale violation (5.5) with the scale violation following from the virial current. We follow the same procedure. First we expand the triple derivative of the generating functional with respect to the source C µ ,
The functional derivatives can be read off from the action (3.30) using (3.32) and the scale violation can be calculated by means of the Wess-Zumino action. In total one finds
By comparison of (5.5) and (5.8) we find that either e T T = 0 and the theory is conformal, or c T = 0. Therefore, from now on we assume c T = 0.
Finally, we note that the most general form of the scale violation in the 3-point function of the virial current can be derived using Lorentz and scale invariance and the fact that anomalies are local. We present this alternative derivation in appendix B.
T T O 2
In the forthcoming analysis of the 4-point functions we will also need to explore the consequences of the relation between T T O 2 and V µ V ν O 2 . Following the procedure described in the previous section the scale violation in the virial current leads tô
which results inδ
On the other hand the scale violation in the correlator involving the trace of the stress-energy tensor can be computed directly from the Wess-Zumino action. In this way one findsδ 
The operator δT /δφ 0 has dimension four and hence can be written in a basis of such operators. However, the only operator in such expansion that can produce a non-zero answer is the trace of stress the energy tensor (since we arranged for all off-diagonal 2-point functions to be equal to zero). Therefore, using the Wess-Zumino action, one findŝ
where C is some numerical constant. On the other hand, a similar calculation can be carried out using the virial current. By taking three functional derivatives one finds
The functional derivative of the virial current with respect to φ 0 is an operator of dimension three and hence we can write its most general form 
where e V j is a total normalisation constant following from the sum of all 2-point functions j µ k V ν . Since the coefficient of p 4 3 vanishes in this expression, by comparing with (5.14) we obtain either e 44 = 0 or c 4 = 0. If e 44 = 0, the operator O 4 is null and may be set to JHEP08 (2014)027 zero. Otherwise, c 4 = 0. In any case, in the computations to follow only the product e 44 c 4 appears and this vanishes in both cases.
This cancellation can be explained as follows. Since T = g µν T µν , where T µν is the full stress-energy tensor with sources turned on, the only term containing the metric and the operator O 4 in T µν can be g µν O 4 . However, now T = 4O 4 and the functional derivative with respect to the metric vanishes, hence c 4 = 0.
4-point functions
In this section we follow the same procedure as before applied to connected 4-point functions. We will compare the scale violations in the 4-point function of the trace of the stress-energy tensor with the scale violations in the virial current.
In the previous section we found a series of conditions relating various coefficients in the functional derivative terms and the interaction action (3.30) . With all these conditions, the action reads now
with an undetermined value of c 2 .
We start by computing the scale violating terms in
Since the total dimension of this correlation function in momentum space equals zero, the scale violating terms must be proportional to the unique symmetric tensor of dimension zero,
As in section 5.1, we first obtain the relation between derivatives of the generating functional and the 4-point function:
The second functional derivative of the virial current with respect to C µ has dimension one and hence it vanishes. By using equations (6.1) and (5.10) and the Wess-Zumino action
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one finds the scale violation
Therefore the scale violation in the 4-point function of the trace of the stress-energy tensor readŝ
(6.5)
Note that this is an exact result and it is non-vanishing even in the forward scattering limit (3.3),δ
This suggests that T may be a non-trivial operator in a SFT.
T T T T
In this subsection we carry out the computation of the scale violating terms in the 4-point function of the trace of the stress-energy tensor directly from the Wess-Zumino action. The calculation is long but otherwise straightforward. As in previous sections, we start by evaluating four functional derivatives of the generating functional with respect to the dilaton. After turning off the sources one finds
T (x 4 ) + 3 permutations
The left hand side can be expanded and the result is then expressed in terms of functional derivatives of the interaction action (6.1) using (3.31). Most terms cancel and one finds
T (x 4 ) + 3 permutations .
The scale violation of the first term on the right hand side follows from the Wess-Zumino action and readŝ
(6.9)
As we see that the scale violation from the Wess-Zumino action already matches the first term in (6.5).
In order to proceed we need to first analyse the term with three τ -derivatives. This term receives contributions from terms cubic in the dilaton in the interaction action and these terms are not listed in (6.1). However, since the third derivative of the action appears in (6.8) under the expectation value with the trace of the stress-energy tensor, the only relevant term in the interaction action is T T . By taking three derivatives one findŝ
The remaining computations are straightforward. The result readŝ
By comparing with (6.5) we see that the leading term involving e T T and e 22 matches exactly and then one is forced to take c
T = 0. To summarize, the anomaly in the 4-point function is given by (6.5) and the following relations among the second order coefficients in the interaction action (3.30) hold,
(6.12)
Note that while the total scale violation of any correlation function is invariant under parametrisations of the metric, the source of the various contributions do depend on such parametrisations. With g µν = e −2τ δ µν we have found a non-zero contribution from the Wess-Zumion action given by (6.9). Such a contribution does not vanish in the forward scattering limit (3.3). On the other hand, if one parametrises the metric as g µν = Ω 2 δ µν , then one finds
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In this parametrisation of the metric the contribution from the Wess-Zumino action vanishes in the forward scattering limit with p 2 j = 0, j = 1, 2, 3, 4. Nevertheless, the semi-local terms contribute non-trivially to the correlation function in such a way that one recovers (6.5) exactly. Note also that (6.12) is valid only in the parametrisation g µν = e −2τ δ µν .
In order to check our results we have carried out all calculations in the parametrisation of the metric g µν = Ω 2 δ µν as well. We present the computation in appendix C. All results including (5.8) and (6.5) are confirmed.
Higher-point functions
We show in this short section that there is no scale violation in all connected higher point correlation functions of the trace of the stress-energy tensor. This is a consequence of the fact that anomalies are local and the scaling dimension of the n-point function of the virial current equals ∆ = (d − 1)n − (n − 1)d = d − n and becomes negative for n > d. Therefore,
and henceδ
as well.
Conclusions
In this paper we analysed the structure of the scale anomaly in four dimensional unitary scale invariant theories. We found that 2-, 3-, and connected 4-point functions of the trace of the stress-energy tensor T are anomalous while the anomaly in all connected higher point functions vanishes. The 2-point function of T is non-trivial if and only if scale transformations are anomalous. It follows that a unitary SFT is a CFT iff the scale anomaly vanishes 7 (since then T = 0 and this implies that the theory is conformal). One of our main results is the explicit form of the anomaly in 3-and 4-point functions. The explicit expressions are given in (5.8) and (6.5) and were derived using the WessZumino action and a careful treatment of semi-local terms (terms with support on a set that contains both coincident and separated points). We also obtained the form of the anomaly both for 3-and 4-point functions by an independent computation using only Lorentz invariance, scale invariance and the fact that the anomaly is local. This is presented in appendix B
To obtain the semi-local contributions we computed all couplings of sources to operators that contribute up to 4-point functions. These terms are is given in (6.1) or in alternative parametrisation in (C.4) and (C.5). The non-linear terms in sources encode the semi-local contributions to correlation functions. We emphasise that only after including all semi-local contributions the final answer is independent of the parametrisation of the 7 If the theory contains dimension 2 operators one may need to improve T first.
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sources. For example, if one uses τ (g µν = e −2τ δ µν ) as the source for T then there is a contribution to the anomaly of the 4-point function that comes from the Wess-Zumino term, even in the on-shell forward scattering limit. On the other hand, if one uses ϕ (g µν = (1 + ϕ) 2 δ µν ) as the source for T , the contribution from Wess-Zumino term in the on-shell forward scattering limit vanishes and there are additional contributions from semi-local terms, leading to the same answer.
In [26] it was argued that the structure of the anomaly of the 3-point function is not compatible with OPEs and this then implies that the coefficient of the scale anomaly must vanish and thus all unitary SFTs are CFTs. We discussed here a subtlety in the relation between OPEs and the large momentum limit which invalidates this argument. While the OPE controls the leading non-local contribution in the large momentum limit, there are semi-local contributions which dominate over the OPE contribution in the relevant case. A detailed discussion of this subtlety is presented in appendix A. Taken the semi-local terms into account one can no longer conclude that the scale anomaly coefficient must vanish.
In [25] it was argued that all dilaton amplitudes vanish in an on-shell forward scattering limit. As just reviewed, we find that the scale anomaly of the 4-point function is non-zero in this limit. Nevertheless one cannot conclude (without additional assumptions) from the vanishing of the amplitudes that the coefficient of the scale anomaly must vanish. One can only conclude that the 4-point function is semi-local in that limit. Of course, this by itself is a very strong constraint on the structure of the SFT.
All in all, additional work is required in order to either prove that four dimensional unitary SFTs and CFTs or find a counterexample.
In the following subsections we analyse the limit q ≫ p in the context of CFTs. In the first subsection we present an example that demonstrates (A.1) for both cases. The example also illustrate that the semi-local terms cannot be removed by local counterterms (as expected) and thus cannot be ignored. In subsection A.2 we explain the difference between the two cases in (A.1) by direct Fourier transform of the 3-point function of three scalar operators and in subsection A.3 we prove (A.1) using the triple-K representation of CFT 3-point functions [32] . These results show that (A.1) is valid in the conformal case and we expect that it would also hold in unitary SFTs, if such theories exist.
A.1 Example
Our aim in this subsection is to demonstrate (A.1). The example is chosen such that the 3-point functions are given by simple expression in momentum space. Consider the correlation functions of scalar conformal primaries O 3/2 and O 5/2 of dimensions ∆ = 
where C 3/2 and C 5/2 are constants. These expression can be obtained by starting from the triple-K representation of the correlators given in [32] and then carrying out the remaining integral. 8 It follows that in the large momentum limit, the first correlation function yields
consistent with the first line of (A.1), since
which is consistent with the second line of (A.1), since in this case
Note, however, that the leading term is local in the sense that up to a constant
Nevertheless, it cannot be removed by any local counterterm. 9 This is so because this term has support at x 1 = x 2 = x 3 (terms with support at x 1 = x 2 = x 3 are analytic in all momenta and (A.6) is non-analytic in p 3 ) and the contribution from any local counterterms would have support at x 1 = x 2 = x 3 . Only ultra-local terms can be removed by local counterterms and this is an example of a semi-local term.
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A. 
(A.7) where C 33 is a normalisation of the 2-point function
and C 123 is the OPE coefficient
Now one can carry out the Fourier transform of (A.7) in the large momentum limit p 1 , p 2 ≫ p 3 . As we will see, it does not invalidate the statement that the leading momentum behaviour comes from the region where x 1 is close to x 2 : instead it shows that an additional contribution to the singularity at x 1 = x 2 may appear when the Fourier transform over x 3 is carried out. The Fourier transform is given by .10) where in the second line the integral over x 3 was carried out,
Note that the factor |x 1 − x 2 | −(∆ 1 +∆ 2 −∆ 3 ) in (A.10) is exactly equal to the factor in OPE (A.9). Therefore, the naive OPE is valid if F is regular at x 1 = x 2 . Otherwise, F contributes an additional singularity to the integrals over x 1 and x 2 . We can find out what is the leading behaviour of F with respect to |x 1 − x 2 | and p 3 . Taking x 1 = x 2 in (A.11) we find 12) which converges if 2∆ 3 < d. Therefore, we have shown that the naive OPE expansion is valid only if
On the other hand if
is singular at x 1 = x 2 . This means that the integral over x 3 contributes an additional singularity at x 1 = x 2 and this modifies the large q limit. To obtain the answer in this case we need to start from the 3-point function computed directly in momentum space and we do this in the next subsection.
A.3 Proof of (A.1)
We can obtain the large momentum limit (A.1) in all cases by starting from the momentum space representation of the correlators derived in [32] . The 3-point functions of scalar operators in any CFT can be represented by the triple-K integral
(A.14)
where K ν (p) is a modified Bessel function of the second kind (or Bessel K function, for short) and C 123 is an overall undetermined constant. Using such a representation it is easy to consider the large momentum limit q = p 1 ∼ = p 2 ≫ p 3 = p. To do it, fix the value of q and expand the integrand in (A.14) as a power series in p, according to
, we can see that the form of the leading term in p/q depends on whether 2∆ 3 < d or 2∆ 3 > d. One can combine the two cases by writing
where θ denotes the step function: θ(x) = 1 for x ≥ 0 and θ(x) = 0 for x < 0. The remaining integral can be evaluated explicitly by means of the formula
see [32] for details. The dichotomy in the expansion (A.15) is the primary reason for the occurrence of the two cases in (A.1). By substituting (A.16) into the triple-K integral (A.14) and using (A.17) one finds
) is a specific numerical constant. This expression coincides with (A.1) when the step function and the absolute value are resolved into particular cases.
Assume now ν = ∆ 3 − d 2 > 0. As pointed out in section 2, the leading term in the large momentum expansion is in this case semi-local, i.e., it is a Fourier transform of a position space expression supported on the set of coincident points, for example
Using the triple-K integral representation one can show that all subleading terms up to, but excluding, q ∆ 1 +∆ 2 −∆ 3 −d p 2∆ 3 −d are semi-local in the large momentum limit. This follows from the Taylor expansion (A.15), which in general takes form 20) where the series coefficients a j and b j are known, see e.g., [33] . By substituting this result to (A.14) and using (A.17) one finds the expansion of the triple-K integral in the large momentum limit,
where C j and D j represent some numerical constants explicitly computable by means of (A.17). As one can see, the first series contains only even powers of momentum p. In position space all such terms are semi-local, i.e., they are Fourier transforms of the form
in the large momentum limit, up to a multiplicative constant. As long as j < 2ν = 2∆ 3 − d these terms are more leading than the terms in the second series in the expansion (A.21).
As one can see the terms featuring in the second power series are not semi-local and the leading D 0 term reproduces the naive OPE term in (A.1).
B Alternative derivation of the anomaly
In this appendix we show how to obtain the form of the scale violation (5.8) and (6.5) directly from Lorentz and scale invariance (plus the locality of anomalies) applied to the 3-and 4-point functions of the virial current. Let us start with the 3-point function. Following [32] we find that the most general tensor decomposition of
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Each form factor in (B.4) has a specified scaling dimension, up to anomaly. Since the dimension of the entire correlation function equals ∆ tot = 3∆ − 2d = 1, one finds the following scaling dimensions for the form factors in momentum space,
The form factors are not independent as they carry a representation of the permutation group. The symmetry properties follow from the symmetry of the 3-point function,
for any permutation σ of the set {1, 2, 3}. The action of the permutation σ on a given form factor F is
By applying the symmetries to the decomposition (B.4) and requiring the invariance of the entire correlation function, we find JHEP08(2014)027 where J 2 is given by (3.2). Our analysis shows that the scale violating terms in the 3-point function of T T T in any scale invariant theory in d = 4 is constrained to take the form (5.8). The value of the undetermined coefficient c (i.e. that it is equal to -4e T T ) cannot be determined without further input, such as the Wess-Zumino action.
A similar method can be applied to the 4-point function of the virial current. In this case, however, the computation is much simpler. This is due to the fact that the total dimension of V µ 1 V µ 2 V µ 3 V µ 4 in momentum space equals zero and hence the only scale violating form factors are those multiplying simple tensors containing metrics only. Due to the symmetry of the correlation function, there exists a unique tensor (6.2) with such properties and the scale violation must take the form
(B.14) for some numerical constant c. Therefore, based on Lorentz and scale invariance as well as the locality of anomalies one can deduce that the most general form of the scale violation in the 4-point function of the trace of the stress-energy tensor readŝ
(B.15)
This form of the 4-point functions was confirmed by direct calculations in sections 6.1 and 6.2. The value of the undetermined coefficient c (i.e. that it is equal to -8(e T T +c 2 2 e 22 /4)) cannot be determined without further input, such as the Wess-Zumino action. This expression vanishes in the on-shell limit as noticed in [25] . Therefore, by the optical theorem, one could argue that the 4-point function in (C.9) becomes semi-local in the
D Multiple scalar operators
In this appendix we discuss the case of multiple scalar operators of dimension two and four. Consider a theeory with n scalar operators O i 2 , i = 1, 2, . . . , n of dimension two and N scalar operators O I 4 , I = 1, 2, . . . , N of dimension four (in addition to the trace of the stress-energy tensor). All normalisation constants introduced in (4.1)-(4.6) carry now additional indices, e.g., e ij 22 , e I 4T and so on. First we will argue that by adding an appropriate improvement term one can make all off-diagonal 2-point functions of the trace of the stress-energy tensor and scalar operators of dimension two and four vanish. To show this let us consider the (n + N + 1)-dimensional vector space spanned by the independent vectors ordered as follows 
